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Combinatorial Duality and Intersection Product 

Karl-Heinz Fieseler 

Introduction 

In the articles [BBFK] and [BreLui] a combinatorial theory of intersection coho- 
mology and perverse sheaves has been developed on fans. In [BBFK] we have tried 
to present everything on an elementary level, using only some commutative algebra 
and no derived categories. There remained two major gaps: 

First of all the Hard Lefschetz Theorem was only conjectured and secondly the 
intersection product seemed to depend on some non-canonical choices. Meanwhile 
the Hard Lefschetz theorem has been proved in [Ka]. The proof relies heavily on 
the intersection product, since what finally has to be shown are the Hodge- Riemann 
relations. In fact here again choices enter: The intersection product is induced from 
the intersection product on some simplicial subdivision via a direct embedding of the 
corresponding intersection co homology sheaves, a fact, which makes the argumenta- 
tion quite involved. In their paper [BreLu2] Bressler and Lunts show by a detailed 
analysis that eventually all possible choices do not affect the definition of the pairing. 

Our goal here is the same, but we shall try to follow the spirit of [BBFK] avoiding 
the formalism of derived categories. For perverse sheaves we define their dual sheaf 
and check that the intersection cohomology sheaf is self- dual. Since, as a consequence 
of Hard Lefschetz, an isomorphism between intersection cohomology sheaves is unique 
up to multiplication with a real number, we obtain, after the choice of a volume form 
on V, a natural intersection product. In fact that fits completely into the proof of 
HL according to [Ka], which uses induction on the dimension of the fans involved. 
The HL in dimensions < n already gives us the naturality of the intersection product 
in dimension n, in particular, it agrees with the restriction (with respect to a direct 
embedding) of the intersection product on any simplicial refinement of the given fan. 

This article is a preliminary version of a paper in collaboration with G.Barthel, 
J. -P. Brasselet and L.Kaup. The author is grateful for an invitation to the IML at 
Marseille-Luminy, where this article has been written. 



0. Preliminaries 

Let V be a real vector space of dimension n := dim!/ and denote A' := S'(V*) 
the symmetric algebra on V*, with other words the algebra of real valued polynomials 
on V, graded "topologically" , i.e., such that V* = A 2 . Let m := A >0 and, for a graded 



1 



Combinatorial Duality and Intersection Product 



A'-module M* denote 

W := A'/m<g> A . M* 

its reduction mod m, a graded real vector space. For a strictly convex polyhedral 
cone a C V denote V a C V its linear span, and 

K :=S'(V:) 

again with the convention A 2 a = V* . 

We consider a fan A in V as a topological space with the subfans as open subsets. 
Sheaf theory on such a space is particularly simple since the "affine" open fans (a) < 
A consisting of a cone a and its proper faces form a basis of the fan topology whose 
elements can not be covered by strictly smaller open sets. In fact, let (F a ) a& A 
be a collection of abelian groups, say, together with "restriction" homomorphisms 
q%: F a — > F T for r < a, i.e., we require Q a a = id and o q° = g° for 7 < r < a. 
Then there is a unique sheaf T on the fan space A such that its group of sections 
T{a) := F{{cr) ) agrees with F a . The sheaf T is flabby if and only if each restriction 
map Q c g a :J r (a) — > !F(da) is surjective. 

In particular, we consider the sheaf A* of graded polynomial algebras on A 
determined by A'(a) := A*, the homomorphism q a T \ A' a — > A' T being the restriction 
of functions on a to the face r < a. The set of sections A' (A) on a subfan A < A 
constitutes the algebra of (A-) piecewise polynomial functions on |A| in a natural 

way. 

For notational convenience, we often write 

FJ := .F'(A) and F* := F*{a) ; 

more generally, for a pair of subfans (A, A ) with A < A, we define 

F(K M ) :=ker(^ o :F;^F; o ), 

the submodule of sections on A vanishing on Ao. In particular, for a purely n- 
dimensional fan A, we obtain in that way the module 

F (A,dA) '■= ker(^>f A : F^ — > Fg A ) 

of sections over A with "compact supports". Here the boundary fan <9A is the 
union of the affine fans (r) with the cones r of dimension n — 1 being a facet of 
precisely one n-dimensional cone a G A. Furthermore we write simply da instead of 
d(a) = (a)\{a}. 

Finally let / : V — ► W be a linear map inducing a map of fans between the 
fan A in V and the fan A in W, i.e. for every cone a G A there is a cone r G A 
with f(o~) C t. Denote A' resp. £>* the corresponding sheaves of piecewise linear 
polynomials, let T" resp. Q* be a sheaf of A*- resp. £>*-modules. Then the direct 
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image f*{F°) is the £>*-module sheaf defined by 

U{f-){t) :=f;_ 1(t) 

with the subfan / _1 (t) := {a G A; /(a) C r}. We mention here in particular the 
case, where / = idy : V — ► V and A := A is a refinement of A. And the pull back 
/*(<?*) is given by 

f*(g-)(*):=A' a ® B . g; , 

where r G A is the smallest cone containing f(a). 



1. Perverse Sheaves on a Fan 

1.1 Definition: ^4 perverse sheaf on a fan A is a flabby sheaf J 7 ' of graded A' - 
modules such that, for each cone a G A, the A' a -module F' is finitely generated and 
free. 

Perverse sheaves are built up from simple objects, which are indexed by the 
cones a G A: 

1.2 Simple Perverse Sheaves: For each cone a G A, we construct inductively a 
"simple" sheaf a C' on A as follows: For a cone r G A with dimr < dim cr, we set 



r L' := a C'(r) := [ A ° if T = a ' 
1 otherwise. 



If a £' has been defined on A- m for some m > dim a, then for each r G A m+1 , we 
choose a linear map o-£g T — —> aL' dT , a section of the reduction map a L'g T — > <jL' dT , 
and set 

a L\ := A' T ® R o-Xg T 

and define the restriction map Qg T as the map obtained from s by extension of 
coefficients. 

Let us collect some useful facts about these sheaves, proved in [BBFK] and 
[BreLui]: 

1.3 Remark: i) The sheaf T % := a £' is perverse; it is determined by the following 
properties: 

a) f; = r-, 

b) for each cone t ^ (i, the reduced restriction map F T — > F q t is an isomor- 
phism. 

ii) For the zero cone o, the simple sheaf 

£' :=o£- 
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is called the intersection cohomology sheaf or minimal extension sheaf of A. For a 
quasi-convex fan A, i.e. such that A is purely n-dimensional and |<9A| a real homology 
manifold, we may then define its intersection cohomology 

IH'(A) :=E' A . 

iii) The sheaf a L % vanishes outside the star 

stA (a) := |J (r) . 

T><7 

Denote / : V — ► W := V/V a the projection. It induces a map of fans st a (cr) — > 
A a :=/(st A (<r)). Then 

with the intersection cohomology sheaf a ct £* of the "transversal" fan A a . 
The following decomposition theorem has been proved in [BBFK]: 

1.4 Decomposition Theorem: Every perverse sheaf J 7 ' on A admits a direct sum 
decomposition 

0-6A 

with K % G := K' a {T') := ker(^ cr :F* — > F° d(J ), a finite dimensional graded vector 
space. 

1.5 Example: Let A be a refinement of the fan A and consider the identity map 
7T := idy as a map between the fans A and A with intersection cohomology sheaves 
£' and £'. Then 7r*(5*) is a perverse sheaf and we obtain a decomposition 

ff€A> 1 

of ^'-modules, where the are (positively) graded vector spaces, and the "correc- 
tion terms" are supported on the closed subset A yl := A \ A- 1 , where A- 1 C A 
denotes the 1-skeleton of A. 

2. The Dual of a Perverse Sheaf 

2.1 Definition: Let T* be a perverse sheaf. The dual sheaf D T is defined by 

(DT)' a := Rom(F^ 9a) ,A' a ) ® det V a * . 

For a face r < a the restriction homomorphism (DJ 7 )^. — >■ (DjF)* is first defined in 
the case of a facet t <i a and in general obtained as the composition of such maps 
depending a priori on the choice of an ascending chain To := r <i T\ <\ ... <\ r r := 
a. 
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The definition of the restriction map q? for a facet r of the cone a: Fix a 

linear form h G V* having kernel ker(h) = V T . We define maps 

ip h : Hom(F ( ; ja(T) , A' a ) — Hom(F^ dT) , A' T ) , ^ : det V* — det V? 
of degree 2 resp. -2, satisfying 

Va/i = Ay^ , il)\ h = X^iph ■ 
for any non-zero real number A G R. 
Thus there is a well defined map 

r° T := <fh®iph'- 

(DF)- a = Hom(F ( - CT)9CT) , A' a ) ® det V a * — (AT 7 )* = Ham(F ( - T>aT) , A' T ) ® det F T *, 
homogeneous of degree 0. The map ^ associates to h A rj G det the image of 77 G 
A s_1 V^* (with s := dim a) under the natural map A*" 1 V* — ► A*" 1 V* = det V T *. 
In order to define cph, we use three exact sequences, starting with 

(2-1.1) -> F^ da) — >■ — >• Fg a — > . 

The second one is composed of the multiplication with /i and the projection onto the 
cokernel: 

(2.1.2) -> a; a; -> a; -> o . 

Eventually the sub fan <9 T a := da \ {t} of da yields the exact sequence 

(2-1.3) -> F ( ' T>ar) - - FJ tCT - . 

The associated Horn-sequences provide a diagram 

Ext(F a %,A') 

(2.1.4) 

Hom(F ff ',i') -^Kom(F^ Ba) ,A%) Ext(F e %, A* ) 

Hom(F ( ' T)9T) ,i') — Hom(F ( * TieT) ,A;) ^ Ext(F ( ' Ti8T) , A' ) — Ext(F ( * T;0T) , A') 
with Ext = Ext^. . We show that 7 is an isomorphism; we then may set 

<p h := 7" 1 o (3oa. 

Indeed the rightmost arrow in the bottom row is the zero homomorphism, since it is 
induced by multiplication with h, which annihilates F' T . On the other hand, the 
A'-module F' r is a torsion module over A* a , so that Hom(F* T dr y A' a ) vanishes. 

An explicit description of ifh is as follows: For a homomorphism /: F' a da ^ — > A' a , 
the map <fh(f) '■ F' T q t ) ~ * ac ^ s m ^ ne following way: Extend a section g G F* T 
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first trivially to the whole boundary da and then to a section g E F'; the map (ph(f) 
now sends g to f(hg)\ T . In particular we see that, if r, r' <i a are facets of a meeting 
in a common facet 7 <2 cr, then 

r; o r % + r*' o r a T , = . 

Now fix for any cone G A an orientation, such that on n-dimensional cones the 
resulting map is constant. For a facet r <i a of a cone a G A denote £^ = ±1 the 
corresponding transition coefficient. Finally the restriction map 

q% : (DF) a — > (£>F); 

is defined as 

Then we have in the above situation 

TO TO 

Q 1 Q T = Qj Q T > ■ 

Hence in order to construct g° for an arbitrary face r < a we may choose an ascending 
chain to := r <i ti <i ... <i r r := cr and define Q a T as the composition of the 
restriction maps Qt] +1 , i = 0, r — 1. 

2.2 Theorem: The dual sheaf D T of a perverse sheaf J 7 ' is again perverse. 

Proof: Since according to Cor. 4.12 in [BBFK] the A* -module F' a da ^ is free, all we 
have to prove is that for every cone a G A the restriction map 

is onto. In order to do that we have to understand (DJ r )g a . We may assume dim a = 
n and fix a line t C V intersecting a and denote tc : V — ► W := V/£ the quotient 
projection, A := 7r(da). Furthermore let B' := S'(W*) and Q' := 7r*(J r *|a <T ). Then 
there is a natural isomorphism 

(Dgy A - (Dj r y dtT 

of S'-modules, while 

(DQ)\ Hom B . (GX, S') ® det . 

Since that isomorphism plays an essential role in the definition of the intersection 
product we state it in a theorem: 

2.3 Theorem: For a perverse sheaf J 7 ' on a quasi- convex fan A there is a natural 
isomorphism 

{DFy A ^Rom A .{F{ AjdA) ,A-)®detV* . 
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Let us assume 2.3 for the moment. Denote a the fan obtained from (a) by adding the 
new ray g := i fl a. The projection w : V — ► W induces a map of fans tv : a — > A, 
denote H' := n*(Q'). We have an isomorphism 

H% A' ® B . G' A = A' ® B . F' da , 

as well as the Thorn isomorphism 

H (a,da) = 9 H l = H£[-2] 

with a non-trivial function g G d ^ - in fact g is unique up to a non-zero scalar 
multiple. The function g induces an isomorphism det V* = det V*,g T Arj i— > ?y|vv with 
g T ■= g\~ e V*,t := r + g, such that the isomorphism det V* = detV* = det W* 
does not depend on the facet r <i a. So in order to get rid of the factors det(..) it 
is sufficient to choose an isomorphism R = det V* . 

Now, given a section G (DJ 7 )' da , or with other words, a S'-module homomorphism 
/3 : Fg a — > B* an inverse image a G (DJ 7 )^ with respect to the restriction map q a da 
can be found as follows: The map a : F' a da ^ — > A* is the composition 

Ffaa) H i*m ^ H l = A ' ^ A' . 

Here the first map i is obtained as the restriction of a map j : F' — > H| factoring 
the restriction F' — > i 7 ^ as 

-"6- -"0a = ^da 

Such a map clearly exists, since F' is a free A*-module. □ 

Proof of 2.3: Denote h = h\ • ... • h r G A* the product of all the linear forms having 
a VV, r G A n_1 \ <9A as its kernel, where different cones r may give rise to the same 
subspace V T , but the corresponding factor in h should be simple. After having fixed 

an isomorphism R = det V * detV* with Vi := ker(/ij) we may, for a cone 

a G A- n_1 , replace (DJ 7 )^ with Hom(F* o . d(j y A') and restriction maps with 

For an n-dimensional cone a G A the trivial extension map F* ct 9ct ^ — ► F^ 
induces a map 

Hom(F^, A') — > (DJ 7 )^ = Hom^^, ,4') 
factorizing (uniquely) through (DjF)^: Check that for a cone r G A n_1 the map 

Hom(F^, A') — (DJ 7 )^ — > (DJ 7 )^ 

does not depend on the choice of the cone cr G A n , a > r. The resulting map 

Hom(F£,,4*)— >(£>.F)X 

is injective, since the submodule 

F'a, A"- 1 ) — (B ^(V,s<t) c f a 

tr£A" 
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has maximal rank. On the other hand any section G {DF)\ given by a collection 
of homomorphisms ip a : F* a da ^ — > A', a G A n , induces a homomorphism ip := 
Sa-eA™ V'ct : -^'aa™- 1 ) — *■ Now -0 extends uniquely to a homomorphism if) : 
F' A QA ^ — > h~ l A' and we show that already ip(F' A dA ^) C A* resp. ip(hF' A QA ^) C 
Let / G F° A q A ^ and / CT := Then 

o-eA™ 

is divisible by each linear factor /i^ G A 2 . Write h = gihi. If crfl V$ is not a facet of a, 
we have <7j/ CT G F' a Qa ^ and hence ip<j(hf a ) = Ktpaidifa) £ ^4*- The remaining cones 
can be grouped in pairs of different cones a, a' such that r := V^fl a = V^fl cr' is a facet 
of both a and a', and we are done if we can show that hi divides tfj a (hf) + ifj a '(hf). 
But 

Mhf)\ V . = ^ i (V , a)((^/)|r) , 

and the analogous formula holds for a' instead of a. On the other hand we know 
that 

Vhitya) = -<Phi(il><T') , 
since the Vv,0" g A n , patch together to a section of DT . That gives the desired 
divisibility. (Remember here, that the transition coefficients e a T enter in the definition 
of the restriction map g°\) □ 

In order to see that the dual sheaf DT of a simple perverse sheaf again is simple, we 
need biduality. In fact, it is an immediate consequence of the following 

2.4 Proposition: For a cone a G A and a perverse sheaf J 7 ' we have 
{DT)^ d(T) = Hom(F;,A;)} ® detlC 



Proof: The inclusion " D" is obvious from the definition of the restriction maps for 
the dual sheaf DT. 

"c": Denote T\, r r <i a the facets of the cone cr, let V Ti = ker(/ij), h := h\ ■ ... ■ h r 
and use the same identifications as in the proof of 2.3. It suffices to show that for 
V> e (A5%, acT) we have VW) C /iAv Let V e Uom(F^ da) , A a ) n (DJ 7 )^^). 
Take a section / G F*. Write h = g^i. Then g^/ is an extension of (gif)\ Ti as 
required in the definition of ip\ Ti = 0. Hence ip(hi(gif)) G hiA* for all i = 1, ...,r 
resp., since the hi,i = 1, r are pairwise relatively prime, ip(hf) G ZiA*. □ 

2.5 Theorem: Let T % be a perverse sheaf on the fan A. There is a natural isomor- 
phism 

T % D{DT) . 
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of perverse sheaves. 

Proof: After the choice of an isomorphism det V* = R the inclusion 

(DF)^ da) c (AT); 

can be interpreted as the (injective) restriction map 

Hom(F;, A') ™ Rom(F^ da) ,A') . 

Hence L>(DJF)' = (F*)** and our sheaf isomorphism over a G A can be defined as 
the biduality isomorphism 

p a : f; — > (f;)» 

for the free A'-module F'. We leave it to the reader to check that the above family 
(/3 cr ) (je A of isomorphisms defines a sheaf homomorphism. □ 

2.6 Corollary: For the simple perverse sheaf a C with a cone a G A we have 

D( a C) = a C <g> det V* , 
in particular, the intersection cohomology sheaf S' := £* is self dual: 

DS = S' . 



Proof: We have obviously supp(DjF) =supp(jF*). Furthermore D{T % ®Q*) = -DJ 7 © 
DQ. Now use biduality in order to see that simple sheaves are mapped by the duality 
functor to simple ones. Finally check that D( a C)^. = a L" a <g> det V*. □ 



3. The Intersection Product 

Fix a volume form uj G det(V*) resp. an isomorphism det(V*) = R. For a quasi- 
convex fan A it induces an isomorphism 

(D(u)) (DSy A = Kom(E{ AtdA) , A') ® det V* = Uom(E' (AjdA)i A'[-2n]) . 
According to Cor. 2. 6 there is an isomorphism 
(DI) £' = D£ 

thus giving rise to a map 

E A ^Rom(E^ dA)l A'[-2n]) 

resp. a dual pairing 

(DP) E' A x E[ A ^ A) — > A'[-2n] . 
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The naturality of this "intersection product" is a consequence of the following propo- 
sition 3.1. In fact, this is the only place, where the Hard Lefschetz theorem, cf. [Ka], 
enters. 

3.1 Theorem: Every homomorphism £' — > T' of degree between two copies £', T* 
of the intersection cohomology sheaf on A is determined by the homomorphism R* = 
E' Q -> F* = R* . 

For the proof we need the following vanishing lemma: 

3.2 Lemma: For the intersection cohomology sheaf S' on a fan A and a non-zero 
cone a e A we have 

E q a = , q > dima as well as E Q ada ^ = , q < dim a . 

In particular even 

E l<T,d*)=°> 9 < dima 

does hold. 

Proof: Replacing V a with V if necessary, we may assume dim a = n. Take again a 
line £ intersecting a and set W := V/£,B* := S'(W*) with the quotient projection 
7T : V — >W, and, finally, A := tt(cV). Choose T e A 2 with T\ e ^ 0. Then we have 
A' ^ B'[T] and 

E' a = E' da = coker(^ T : (B'/B >0 ) ® B . E' da — (B'/B>°) ® B . E' da ) 

^ coker(L : IH'(A) — ► IH'(A)) , 

where the Lefschetz operator L is induced by multiplication with the strictly convex 
piecewise linear function ip e ^l 2 (A) being defined as 

^:=To( 7 r| 9(J )- 1 . 

By [Ka] we know that L is onto in degrees q > n, whence the first part of the 
statement follows. Since the pairing (DP) induces a dual pairing 

E' A xE[ A}dA) — ►R«[-2n] 

of graded vector spaces, the second part is dual to the first one. Finally for a finitely 
generated graded A'-module M* one has Mi = for q < r if and only if M = for 
q < r. □ 

Proof of 3.1: We have to show that for any cone a ^ o a homomorphism <fio a : E* da — > 
Fq , homogeneous of degree 0, extends in a unique way to a homomorphism E % a — > 
F*. Since, according to 3.2 we have E q a Qa ^ = = acr ^ for q < dima, the surjective 
restriction homomorphisms F| — > Eq it and F^ — >■ Fg CT are even isomorphisms in the 
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same range. On the other hand, as a consequence of the first part of 3.2, the A'- 
modules E' a and F' can be generated by homogeneous elements of degree below 
dim a, whence the assertion follows. □ 

As a consequence of 3.1 the duality isomorphism (DI) is unique up to a non-zero 
real factor. And we arrive at a natural choice when we fix an isomorphism E* = RV 
In fact we require then 1 G E' Q to be mapped to the dual element 1* G (E*)* = (D£)' Q . 
So finally we may define the intersection product using the isomorphisms (DI) and 
D(oj). 

Let us now compare with other possibilities to define an intersection product. 
First we review the simplicial case: There the intersection product is nothing but the 
product of functions 

A' xA' — ► A' 

taken at the level of global sections 

x ^(A,dA) > ^(A,<9A) 

followed by an evaluation map 

eA :^( A ,9A) -^A'[-2n] . 

That strategy can also be applied in the general case, since it is possible to define an 
(in fact non-canonical) bilinear map of sheaves 

(.,.) :£•*£• — >£' 

extending the multiplication 

E' xE' ^ El 

of real numbers. Then again compose with an evaluation map 

e A := e A (oj) : E' {AjdA) — > A'[-2n] , 
the image of 1 G E o ^ E% C E A in (D£)\ = Rom(E' {A dAy A') <g> u 

= Hom(£'* A dA y A'[— 2n]) under the duality isomorphism (DI). Now, there is an 
associated sheaf homomorphism 

£' — >DS : 

For any cone a G A and u) a G det(V a *) we define e a (uj a ) in analogy to e&(ui) and 
note that e a (ui a ) <E> oj a does not depend on the choice of uj a ^ 0. Then, over a G A, 
our sheaf homomorphism is 

E' a — > (D£) a , f ^ (e a (cv a ) o (/, ..)) ® u a . 

In fact, over the zero cone it coincides with our previous choice of an isomorphism 
£* — ► D£ and thus both agree, according to 3.2; so also the corresponding intersec- 
tion products coincide. 
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In [BBFK] such a bilinear sheaf homomorphism has recursively been constructed 
on the /c-skeletons of A, an other possible choice is as follows: Consider a simplicial 
refinement A of A and denote A' the sheaf of piecewise polynomial functions on A. 
Then, according to 1.5 we have 

with some perverse sheaf 1C*. Here 71 := idy- Now take the following bilinear sheaf 
homomorphism 

£' X £' C 7T*(i*) X 7T*(i') ^ 7T*(i*) 5* , 

where /j, : A' x A* — > A' is the multiplication of functions and p : £' © K? — > £' 
the projection on the first factor. Finally let us remark that writing 

^(A,9A) = ^(A,dA) © K(A,dA) 

one has 

eAM=e A M| E( . A aA) , 
such that we may also define the intersection product via 

Ea x E(A,dA) C ^A x ^(A,9A) ^(A,9A) 2n] . 
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